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1 Introduction 

In this paper we study the eigenvalue problem for the scalar field equation 

-Au + V(x)u = X\u\ p - 2 u, xeR N , (1.1) 
where N > 2, V e L°°(R N ) satisfies 

lim V(x) = V°°>0 } (1.2) 

\x\— >OD 

p e (2, 2*), and 2* = 2N/(N - 2) if N > 3 and 2* = oo if N = 2. Set 

I(u)= [ \u\ p , J(u)= [ \Vu\ 2 + V(x)u 2 , ueH\R N ). 
Jr n Jr n 

The eigenvalues and eigenfunctions of f 1 1.11) on 

M = {ue H\R N ) : I(u) = 1} 

coincide with the critical values and critical points of J\ M , respectively. 

Scalar field equations have been studied extensively for more than three 
decades. Particularly well understood is the case of the ground state. In 
general, the infimum 

Ai := inf J(u) (1.3) 

is not attained. For the autonomous problem at infinity, 

-Au + V°°u = X\u\ p - 2 u, xeR N , (1.4) 
the corresponding functional 

J°°(m)= I |Vw| 2 + V°°m 2 , ueM 

attains its infimum 

\™ := inf J°°(m) > (1.5) 
ueM 

at a radial function wf 3 > (see Berestycki and Lions [1] ) and this minimizer 
is unique (see Kwong [H]). For the nonautonomous problem, we have Ai < 



A^° in general, and Ai is attained if Ai < A^° (see Lions [12] )• As far as higher 
minimax levels are concerned, extensively studied are the radial solutions (see 
Jones and Kiipper [10] and Grillakis (9]). The variational problem restricted 
to radial functions is compact due to the Strauss compactness result in [16]. 
In fact, compactness holds also if the symmetry is assumed only with respect 
to a subgroup (sufficiently robust) of O(N), which was exploited by Bartsch 
and Wang [2] . 

As usual, the absence of compactness presents significant technical diffi- 
culties and narrows the range of conditions under which solutions may exist. 
Evasiveness (and, indeed, the non-existence in the autonomous case) of crit- 
ical points at the second minimax level has brought forth an extensive liter- 
ature obtaining solutions of scalar field equations on non-trivial unbounded 
domains, for which we refer the reader to the survey of Cerami [5]. A remark- 
able pioneering paper [6J of Clapp and Weth proves the existence of multiple 
solutions (with their number depending on N) to (II. ip under a robust penalty 
condition similar to (II. lip below. The present paper gives a more detailed 
study of the critical points at the minimax level A2, which corresponds to 
the level C\ in [BJ. Unlike [BJ, we verify that A2 is attained. To this end, we 
compare A2 with an energy threshold A*, which is specific for this minimax 
level. Unlike [6J, this paper also addresses the following symmetry breaking 
question: assuming that the potential is radial, and given that the prob- 
lem restricted to the radial subspace yields critical points associated with a 
standard sequence of minimax levels, do those radial critical points remain 
associated with the corresponding minimaxes on the whole space H l (M. N )7 
The answer in the autonomous case, for example, is positive for the ground 
state and negative for the second minimax level, which, as we assert below, 
is not attained, and this implies in turn that the second minimiax level is 
lower than its radial counterpart in this case. This nonexistence result in the 
autonomous case serves also as a heuristic motivation for the need of a more 
robust penalty condition such as (ll.lip instead of the mere V < V°°. We 
also consider a larger class of potentials than in [6], allowing the quadratic 
form J to have a negative lower bound. 

As mentioned above, we focus in this paper on the second minimax levels 

A 2 := inf max J(u), A^ := inf max J°°(u), 

where T 2 is the class of all odd continuous maps 7 from S 1 = {a; £ M 2 : 
I a; I = l} to Ai. Similar to the classical result of Lions on the ground state, 
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where one always has Ai < AJ° and a critical point at the ground level Ai 
exists when the inequality is strict, there is a threshold level A* such that 
A2 < A*, and we show that a critical point at the level A2 exists whenever the 
inequality is strict. We also show that, unlike the case of the ground state, 
A2 is not attained when the potential is constant. Our main results are as 
follows. 

Our first task is to obtain some bounds for A2, which, in particular, de- 
termine A^. 

Theorem 1.1. Assume that V G L°°(R N ) satisfies ([O]) and p G (2,2*). 
(z) If Xi > 0, then 

2 (p-2)/ PAi < Aa < ( A P/(P"2) + ( A oo )P /(p-2))(P-2)/p_ 

In particular, 

A oo =2 ( P -2)/p A oo_ ( L g) 

(ii) If Ai < 0, then 

Ai < A 2 < Xf. 

Next we prove some nonexistence results, which, in particular, show that 
AEf, somewhat unexpectedly, is not a critical level for J°°\ M - 

Theorem 1.2. Assume that V G L°°(R N ) satisfies flO} and p G (2,2*). 

(i) Equation ( II. ip /ias no nodal solution on Ai for X < X 2 . 

(ii) Equation ( II. 4p /ias no solution on Ai for Xf < X < X^ . 

Then we obtain some existence results for ( II. ip when A2 is strictly less 
than the upper bound given by Theorem ll.lt 

( A P/^ 2 ) + (A-)f/(p- 2 )) (p - 2)/p , A!>0 

Af, Ai < 0. 

We note that 

X™ <X* < Af . (1.7) 



A # 
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Write 

V(x) = V°° - W(x), 
so that W(x) -¥ as \x\ -> oo by (jl.2p . 

Theorem 1.3. Assume that V G L°°(R N ) satisfies ([11]) and p G (2,2*). 
T/ien equation ( 1 1.11) /ias a solution on M. for X = X 2 in the following cases: 

(i) Ai > and A?° < A 2 < A # ; 

(z'z) Ai < and A 2 < Af = A # . 

Moreover, the solution is nodal if Xi < < A 2 or Ai < < A 2 . 

In fact, we will show that J\ M satisfies the Palais-Smale condition at the 
level A 2 in those cases by using a profile decomposition for critical sequences. 

Note that A 2 > AJ° if 2^ p ~ 2 ^ p Ai > Xf by Theorem O In our next 
theorem we give explicit conditions that assure 2^ p ~ 2 ^ p Ai > A^ and A 2 < A*. 
Recall that 

e -W^\x\ 

W™(x) ~ C ^ N _ 1 y 2 aS \ X \ ~^ 00 (- 1 -- 8 ) 

for some constant C > 0, and there are constants < a < \fV°° and C > 
such that if Ai is attained at w\ > 0, then 



Wi(X j 



(see [7] for the case of constant V, the general case follows from an elementary 
comparison argument). We write |-| for the L p -norms in what follows. 

Theorem 1.4. Assume that V G L°°(R N ) satisfies CCD and p G (2,2*). 
(i) IfWe L p / (p - 2 \R N ) with 

|W / U- 2 )< (l-2- (p - 2)/p )Ar, (1.10) 
flien 2( p ~ 2 )/ p Ai > Af. 
(«) # 

W(z) > ce" aW Viel w (1.11) 
/or some constants < a < a ana" c > 0, i/ien A 2 < A*. 
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The existence of a ground state W\ was initially proved under the penalty 
condition V(x) < V°° by Lions [12], but it was later relaxed by a term 
of the order e _a ' x ' by Bahri and Lions pp. This can be understood in the 
sense that the existence of the ground state (in the autonomous case) is 
somewhat robust. In our case the same order of correction is involved with 
the reverse sign, namely, while A^° is not a critical level for J°°\ M , it requires 
an enhanced penalty V(x) < V°°—ce~ a ^ to assure that A 2 is critical for J\ M . 
We believe that careful calculations will show that this correction cannot 
be removed, which in turn suggests that the non-existence of the second 
eigenfunction in the autonomous case is equally robust as the existence of 
the first eigenfunction. 

Then we consider the higher minimax levels 

A m := inf max J(u), A^ := inf max J°°(u), m > 3, 

where T m is the class of all odd continuous maps 7 from S m ~ l = {16 R m : 
|x| = l} to M.. We have 

Am < A~ Vm G N (1.12) 

by fl 1-2D and the translation invariance of J°°. In general, A^ may be different 
from the more standard minimax values 

A~ := inf sup J°°(u), m E N, 

where A m is the family of all nonempty closed symmetric subsets A C M. 
with genus 

i(A) := inf > 1 : 3 an odd continuous map A — >■ 5 n_1 } > m. 
If 7 G T m , then i( 7 (5 m - 1 )) > i(S m - 1 ) = m and hence 7(S m - 1 ) G A m , so 

A£<A- Vm G N, (1.13) 

in particular, A^ = A^°. 
Theorem 1.5. If p G (2,2*), then 

>£ = 2W'\? = XZ m = 2,...,N, (1.14) 
in particular, none of them are critical values of J°° . 
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Finally we prove a symmetry breaking result. The subspace if*(R ) of 
H 1 {R N ) consisting of radially symmetric functions is compactly imbedded 
into L P (R N ), p G (2,2*) (see Strauss [IS]), and hence the radial minimax 
levels 

A^ r := inf max J°°(u), 

where T mir . is the subclass of T m consisting of maps into M. D H^(R. N ), and 

A m ,r := inf max J(w) 

7er m , r MG7 

when V" is radial, are all critical. We have A^ < A^ r in general, and since 
(TO]) has a radial solution on M for A = A~ r , A~ < X™ r for m = 2, . . . , N 
by Theorems 11.51 and ll.2[ in particular, A^° r > A^°. 

Theorem 1.6. IfV G L°°(R N ) is radial and satisfies (TOjl . p G (2,2*), and 
G Lp/(p- 3 )(R w ) with 

IH/M <A ?r"^ (1-15) 

t/ien A m < A m , r /or m = 2, . . . , N. 

2 Preliminaries on paths and proofs of The- 
orems 11.11 and 11.21 



We will use the norm ||-|| on H\R N ) induced by the inner product 
( u v ) = Vu-Vv + V°°uv, 



which is equivalent to the standard norm. 

Lemma 2.1. Every path 7 G T2 contains a point uq such thatI(v,Q) = I{uq). 

Proof. The function 

/(0) = /( 7 (e J Y)-/( 7 (e^)-), 9e[0,7r] 

is continuous since the mappings u t— > « ± on H\R N ) and the imbedding 
if 1 (M 7V ) <— > L P (R N ) are continuous, f(n) = — /(0) since 7 is odd and 
(— iz)^ = u T , so /(6 1 ) = for some 6 G [0, n] by the intermediate value 
theorem. □ 
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For Ui,u 2 G M. with u 2 ^ ±«i, consider the path in T 2 given by 

|«i cos u + u 2 sin 6^1 
which passes through U\ and u 2 . 

Lemma 2.2. Ifu\,u 2 G .M /iave disjoint supports, then 

' + J( M2 ) P /( P -2))^ 2 ^ , J( Ml)) J( M2 ) > 

max J(-u) = < J(u 2 ), J(ui) < < J(«2) 

k - (|J(«i)| p/(p - 2) + |J( M2 )| p /( p - 2 )) (p " 2)/p , J( Ul ), J{u 2 ) < 0. 

Proof. We have 

, , _ J(u\) cos 2 9 + J(u 2 ) sin 2 6 
(\ cos 9\p +\ sin 9\p) /p 

and a straightforward calculation yields the conclusion. □ 

For each y G R , the translation it i— >• u(- — y) is a unitary operator on 
H 1 {E. N ) and an isometry of L P (M. N ), in particular, it preserves Ai. 

Lemma 2.3. Given u±, u 2 G .M and e > 0, t/iere is a ^at/i 7 G T 2 such that 
(J( Ui )p/(p- 2 ) + J~(u 2 )^- 2 )) (P ~ 2)/P + e, J(« x ) > 
J°°(u 2 )+e, J(«i)<0. 



max J(w) < 

uS7 



Proof. By density, «i and m 2 can be approximated by functions Ui,u 2 G 
Cq°(M. n ) DM, respectively. For all y G M. N with |y| sufficiently large, U\ and 
u 2 (-—y) have disjoint supports, and, by (jl.2p and the dominated convergence 
theorem, 

lim J(u 2 (--y)) = J°°(u 2 )>0, 
\y\-*tx> 

so the conclusion follows from Lemma [2721 and the continuity of J and J°°. □ 
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We are now ready to prove Theorem 11.11 

Proof of Theorem ] Every path 7 G T 2 contains a point Uq with \u^\ 
l/2 1 / p by Lemma [2. 11 and hence 



max J{u) > J(u ) = J(u+) + J(u ) > X 1 \u+\ 2 + X 1 = \ x , 

ug7 < <P <P 



so A 2 > 2^ p ~ 2 ^ p Ai. This proves the lower bounds for A 2 since A 2 > Ai in 
general. The upper bounds follow by applying Lemma 12.31 to minimizing 
sequences for Ai and AJ°. □ 



For u G H (R ) \ {0}, denote by u = uj \u\ the radial projection of 
on Ai. Recall that u is called nodal if both u + and u~ are nonzero. 

Lemma 2.4. If u G Ai is a nodal critical point of J, then 

max J{u) = J(u ), 

u o u o 

and hence A 2 < J(u ). 

Proof. Testing the equation (jl.ip for u = u with Uq,u^ gives 

j(u ) = x, j(i£) = \\i4\ p p , 

respectively, so 



u 



J ( u o) = ~TTTT = J ( M o) \u 







in particular, J(uq ) have the same sign as J{uq). Since have disjoint 
supports, then 



j{u) = sign(jK)) (iJ(<)r /(p - 2) + iJ(^)r/^- 2 )) (p - 2)/p 

by Lemma [2.21 and the conclusion follows since \uq\ p + \uq \ p = 1. □ 



max 
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We can now prove Theorem II. 2 [ 



Proof of Theorem \1. 6 A Part (i) is immediate from Lemma 12.41 As for part 



VI 



there is no solution for A^ < A < AJf by part (i) since ±w^° are the 
only sign definite solutions (see Kwong [H]). If u G M. is a solution of (jl.4p 
with A = A|f , then uq is nodal, so as in the proof of Lemma [27 

A^° = J°°{u ) = ( J°°(<) p /( p - 2 ) + J°°{ui:) p ^ p - 2 A 



(p-2)/p 



> ^oc)p/(p-2) + ^oo^p/(p-2)^(P- 2 )/P = 2 (p-2)/p 

By (jl.6p . equality holds throughout and it^ are minimizers for Af 3 . Since any 
nonnodal solution is sign definite by the strong maximum principle, then both 
Uq and Uq are positive everywhere, a contradiction. □ 



3 Palais-Smale condition, nodality, and proof 



of Theorem 11.3 



Recall that Uk G M. is a critical sequence for J\ M at the level c G R if 

J' (wit) - \ik I'{u k ) -> 0, J(w fc )->c (3.1) 

for some sequence /i^ G R. Since ( J'(uk), «&) = 2J(uk) and (I'(uk),Uk) = 
pl(uk) = P, then /i fc -)> (2/p) c. 

Lemma 3.1. ^4n?/ sublevel set of J\ M is bounded and inf J > — oo. In 

particular, any critical sequence Uk for J\ M is bounded and Ai > — oo. 

Proof. Let G be any sequence such that J(uk) < a < oo. Then 
/ (\Vu k \ 2 + \v oo ui)<a+ I (w-\vSul 

J R N \ I J J R N V Z / 

Note that the set D = supp — l/2V r oc ) + has finite measure and W G 
L°°(M Ar ), so the second term on the right hand side, by the Holder inequality 
on D, is bounded by C \v,k\p and hence bounded. Finally, it remains to note 
that J is a sum of ||u|| 2 and a weakly continuous functional, and thus it 
is weakly lower semicontinuous. Since its sublevel sets are bounded, it is 
necessarily bounded from below. □ 
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In our analysis of critical sequences we will make use of a profile decom- 
position obtained by Lions in [13]. We state here a version based on the 
paper of Solimini |15j . which is a particular case of Corollary 3.3 in Tintarev 
and Fieseler [17]. Its application to critical sequences of semilinear elliptic 
problems is due to Benci and Cerami [3j. 

Proposition 3.2. Letuk £ H 1 (M. N ) be a bounded sequence, and assume that 
there is a constant 5 > such that if Uk{- + Vk) — ^ w ^ on a renumbered 
subsequence for some £ R^ with \y k \ — > oo, then \\w\\ > 5. Then there 
are m £ N, w (n) £ H l {R N ), £ y { k 1] = Witt jfe £ N, n £ {1, . . . , m}, 
w ( n ) ^ o for n > 2, such that, on a renumbered subsequence, 

u k (-+y^)^wM, (3.2) 

m - y { k \ ^ oc for n jt l, (3.3) 

m 

\\ w(n) \\ 2 < liminf IKf> (3-4) 



n=l 



- ]T u> (n) (- - I/£ n) ) -> m L p (R N ) Vp £ (2, 2*). (3.5) 



n=l 



Equation (13. 1 p implies 

-Au k + V(x) u k = c k \u k \ p ~ 2 u k + o(l), (3.6) 

where Ck = (p/2) /ifc —> c. So if + -^toona renumbered subsequence 
for some y k £ R w with \y k \ — > oo, then w solves (II. 4p with A = c by f ll.2p . 
in particular, ||w|| 2 = c|iu|p. If w ^ 0, it follows that c > and ||w|| > 

((Ar) p /c) 1/2(p_1) since \\w\\ 2 / \w\ 2 p > Af. 

Proposition 3.3. Let Uk £ M. be a critical sequence for J\ M at the level 
c £ R. TTien zf admits a renumbered subsequence that satisfies the conclusions 
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of Proposition \3.S\ for some m G N, and, in addition, 
-Aw {1) + V(x)w {1) = c\w w \ p ' 2 w {1 \ 

-Aw {n) + V°°w {n) = c\w {n) \ p - 2 w {n \ n = 2,...,m, (3.7) 

J(w {1) ) = cl(w {1) ), J co {w {n) ) = cI{w {n) ), n = 2,...,m, (3.8) 

m m 

Y i{w (n) ) = i, j( w{1) ) + Yl JCO ( w(n) ) = °, ( 3 - 9 ) 



n=l n=2 



u k -J2 w{n) (- - y { k ] ) -> m Hl (M N )- (3-io) 

n=l 

Proof. The proof is based on standard arguments and we only sketch it. 
Equations in (13. 7p follow from (13.61) . ( 13. 2p . and ( II. 2p . and (13. 8p is immediate 
from (13. 7p . First equation in (13.91) is a particular case of Lemma 3.4 in 
Tintarev and Fieseler [17], and the second follows from (13. 8 p and the first. 
Relation (13. lOj) follows from (I3.5p . ( I3.6p . and the continuity of the Sobolev 
imbedding. □ 

Now let Uk be the renumbered subsequence of a critical sequence for J\ M 
at the level c given by Proposition I3.3[ and set t n = I(w^). Then 

J2 tn = 1 ( 3 - n ) 

n=l 

by (EU), so each t n G [0, 1], and t n ^ for n > 2. Since J(u>W) > Ai t\ /p 
and J°°(«/ n )) > AJ°^ /p , (£3]) gives 

ti = or ci^ 2)/p > Ai, c4 P " 2)/p > Af, n = 2, . . . , m. (3.12) 

It follows from ( l3"TTTj) and ( I3TT2]) that if m > 2, then 

( A p/(p- 2 ) + ( m _ i) (A oo )P /( P -2))( P -2)/P ) fi ^ o and Ai > 
c > <( (3.13) 
(m- l)( p - 2 )/ p A?°, ti=0orAi<0. 
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Lemma 3.4. Uk converges in i/ 1 (IR iV ) in the following cases: 

(i) Xi > and X™ < c < X# , 

(it) Ai < and c < X™ = X# . 

Proof. If m = 1, then — > in H 1 (M. N ) by (I3.10p . so suppose m > 2. 
Then 

(m - l)(p- 2 )/f A?° < c < X* < AJf = 2 {p ~ 2)/p X? 
by (I3.13p . ( II. 7p . and (II. 6p . so m = 2 and c > Xf, which eliminates case 



II , 



As for case (i) if t\ ^ 0, then c > A* by (13.131) . so ti = 0. Then t 2 
by (I33TD . so u? (2) is a solution of (OD on A4 with A = c by flUD, which 
contradicts Theorem 11.21 since AJ° < c < A* < Xf. □ 

Lemma 3.5. If Ai < < A or Ai < < A, t/ien every solution u of (II. ip 
on .M nodal. 

Proof. Since Ai < < A^°, ( 11. ip has a solution w\ > on M. for A = Ai (see 
Lions [12]). Then 



Ai w p ~u= Vw 1 -Vu + V{x)w x u = X l {ul^uwx. (3.14) 

JrJV 7R W Jr^ 

If m is nonnodal, then it is sign definite by the strong maximum principle, so 
( I3.14p implies that Ai and A have the same sign. □ 

We are now ready to prove Theorem 11.31 

Proof of Theorem \1.3\ . Since J\ M satisfies the Palais-Smale condition at the 
level A2 by Lemma 13 .4[ it is a critical level by a standard argument. The last 
statement follows from Lemma 13.51 □ 



4 Proofs of Theorems ll.4Hl.6l and symmetry 
breaking 

Under assumption (II. lip . 

Ai < J«°) < J^K ) -c / e- alxl w™(x) 2 dx < Af 5 , 

13 



so Ai is attained at some function w% > (see Lions [12J). Our idea of 



the proof for part (uj of Theorem 11.41 is to show, analogously, that if \y\ is 



sufficiently large, then 

A 2 < max J(u) < X*. 

M67 WlM ,oo(._j / ) 

Lemma 4.1. Let Oq be as in f ll.Sp . Then, as \y\ — > oo, 
(z) / w 1 (x) p - 1 w™(x-y)dx= O(e- aolvl ), 



(//) / Wl {x)w™{x-y) p - l dx= 0{e- aoM ), 
{Hi) J(u>i cos8 + w™(- — y) sm.9) 



Ai cos 2 + ( Af - / - y) 2 da: j sin 2 9 + 0( e - a ° M), 

V Jr n J 



[IV 



\w! cosfl + wf (• -y) sinfl|J > (| cos#| p + | sin#|P) 2/p + O(e~ ao ^). 



Proof. p)]By (H~8|) . < C e - ao|x| for some C > 0, which together with 

( II. 9p shows that the integral on the left is bounded by a constant multiple of 



/ 



e -a [(p-l) |x|+|a:-j/|] <- g-oo | 

by the triangle inequality. 



-ao (p-2) \x\ 
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III 



Same as part JJ) after the change of variable x H- x + y. 
We have 



J(u>i cos# + u>i°(- — y) sin i 



J(w 1 )cos 2 9 + J°°«(.-j/))- / l^(i)<(i-?/) 2 clx sin 2 ^ 

+ sin26» / (Vi«i(a;) • V<(a; - y) + V(x) wi(x) w™(x - y)\ dx 

Ai cos 2 6 + ( Af - / W{x) wf{x - yf dx] sin 2 9 

+ A 1 sin2#/ w 1 (x) p - 1 w™{x-y)dx 
Jrn 
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since w± solves (II .ip with A = Ai, and the last term is of the order 0(e~ 



by part (i) 



iv) Using the elementary inequality 



\a + b\ p > \a\ p + \b\ p - p \a\P- 1 \b\ - p \a\ {b^ 1 Va, b G . .. 
we have 

\wi cos9 + w™(- — y) sin^|p 
> (\ Wl \ p p |cos^| p + K°°(--Z/)lp |sin^| p 

— pi Wi(x) 1 '^ 1 w^°(x — y) dx — p / Wi(x) w^(x — y) v ~ x dx 

a \y\\\ 2 /'P 



(|cos#| p + | sin^l^ + 0(e" ao|y| )) 



by parts (i) and (W) , and the conclusion follows. 



Lemma 4.2. IfW G L P ^~ 2 \R N ), then 
sup \J(u)-J°°(u)\<\W\ p/(p _ 2) . 

Proof. For u G M, 



\J(u) - J°°(u)\ < J \W(x)\u 2 < \W\ p/(p _ 2) \u\' p = \W\ p/(p _ 2) 

by the Holder inequality. 

We are now ready to prove Theorems I1.4H1.6I 



Proof of Theorem \1.4\ (i) By Lemma [4.21 and (11.101) . 

\i>\?-\W\ p/{p _ 2) >2-^/*>\?. 
By tfHD and (HHJ, 



n 



[ W(x)w?(x-y) 2 dx>ce- alvl \/y G 
Jr n 
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for some c > 0, which together with Lemma [4.11 gives 
J{l WlW ^{.-y){e ld )) 

J{wi cos 9 + wf 3 ^ — y) smQ) 



< 



\w\ cos8 + w^°(- — y) sin0|p 
Ai cos 2 # + {\f -ce~ a \y\) sin 2 # 



(| cos#|p + I sm6\p) 



2/P 



+ O(e" ao|?/| ) 



< 



p/(p-2) 



p/(p-2)l (P- 2 )/P 



A oo _~ e -a|y| + ( e - ao 1^1), 



+ O( e - ao ^l), Ai>0 
Ai < 



□ 



< X* 

if \y\ is sufficiently large since a < a . 

Proof of Theorem I i.5l An approximation argument as in the proof of Lemma 
12.31 shows that given e > 0, there is a i? > such that, for &T N given by 

w™{-+Ry) -w^{--Ry) 



in(y) 



-, y e S 



N-l 



\w?(- + Ry)-w?(--Ry)\ p 
we have 

J°°(lR(y)) < 2 (p ~ 2)/p XT + £ Vy G S^ -1 . 

So A^ < 2 (p " 2)/p Af 5 , and the first equality in fOIj) then follows since, by 
Theorem HU 2^~ 2 ^ p X^ = X? < A^. 

If A e then A contains a point uq with \uq I = l/2 1 / p since otherwise 



is an odd continuous map and hence i(A) = 1, so 
sup J°» > J°> ) = J°°(u+) + J°> ) 



> xTK\l + xr\u \i = 2^- 2 ^xr = x 



V 2 
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by Theorem ll.lt So AJf > A^° , and the second equality in f |1.14|) then follows 
from the first since A^° < A^ < A^ by ( 03]) . □ 

Proof of Theorem \l.(A By Lemma [4.21 ( I1.15p . Theorem 11.51 an d fll-12|) . 

A m ,r > Kn,r ~ \^\p/(p-2) - ^2,r ~ |W|p/(p-2) > ^2° = > \n- □ 

Finally, we list below some questions related to the present paper that 
remain open. 

1. When is every solution of (II. ip at the level A2 nodal? Theorem 11.31 
gives only a partial answer. 

2. What is the geometry of the nodal domains for solutions at the level 
A 2 ? 

3. Assuming that V is radial and taking into account the symmetry anal- 
ysis of Pacella and Weth in [2] and (with Gladiali) [S], is every solution 
at the level A2 a foliated Schwarz symmetric function? 

4. Can the "minimal penalty" condition (II. lip be relaxed? 

5. Is there an analog of Theorem 11.31 for higher minimax levels? 
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